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A disorder parameter for dual superconductivity in gauge theories.
A. Di Giacomo, B. Lucini, L. Montesi, G. Paffuti
Dipartimento di Fisica and INFN, 2 Piazza Torricelli 56100 Pisa, Italy
Dual superconductivity in the confining phase of gauge theories is discussed in terms of a disorder parameter
which vanishes in normal phase and is different from zero in the superconducting phase.
1. Introduction and conclusions.
There exists evidence from lattice simulations
that QCD vacuum is a dual superconductor in
the confining phase, and undergoes a transition to
normal state at deconfinement temperature[1,2].
This support the idea that confinement is pro-
duced by dual Meissner effect[3,4].
However there are aspects of confinement which
are not understood in this scenario.
The evidence for dual superconductivity from
lattice simulations can be put into two categories:
phenomenological and direct.
Phenomenological evidence is the observation
of basic features which are consistent with the
picture:
1) Existence of string tension, as detected by the
area law behaviour of Wilson loops[5], indicating
that confinement really takes place in QCD.
2) Existence of flux tube configurations between
static QQ¯ pairs[6,7].
3) String like behaviour of flux tubes[8].
Direct evidence is instead produced by detec-
tion of monopole condensation. A non zero vac-
uum expectation value for any operator carry-
ing non zero magnetic charge signals spontaneous
breaking of magnetic U(1) and hence dual super-
conductivity[9,1]. An alternative way of investi-
gation consists in detecting persistent (London)
electric currents in the vacuum, which are a di-
rect consequence of dual superconductivity[2].
Monopoles which are expected to condense in
the ground state to produce dual superconduc-
tivity are U(1) monopoles defined by a proce-
dure known as “abelian projection”, in terms of
any local operator ~Φ(x) belonging to the adjoint
representation of the gauge group. These Dirac
monopoles are located in the field configurations
at the sites where ~Φ(x) has zeros. The equation
~Φ(x) = 0 identifies the world line of a monopole,
we are referring to SU(2) gauge group for sim-
plicity of notation.
Thus there exist a functional infinity of abelian
projections, and each of them defines monopoles.
The question is then:
Is any of these abelian projection better than the
others? or
Can we identify “The abelian projection”, which
describes confinement?
An argument of continuity suggests that this is
not the case: infinitesimal changes of ~Φ cannot
produce dramatic effects as going from conden-
sation to absence of it. Moreover if one single
abelian projection is at work, the string tension
in the adjoint representation is zero: one gluon
in SU(2) (two of them in SU(3)) have zero U(1)
charge and there is no flux tube between them.
The colour content of flux tubes should be in
the direction of abelian projected U(1), since it is
the abelian projected chromoelectric field which
is channeled into Abrikosov flux tubes. A test on
lattice shows that it is isotropically oriented in
colour space[10,7].
Our strategy to this problem is the following:
we have a reliable disorder parameter which can
detect dual superconductivity[9]. By use of it we
investigate in different abelian projections 1) The
existence of dual superconductivity in conjunc-
tion with confinement. 2) The type of supecon-
ductivity.
This systematic investigation is on the way.
Our preliminary results are that different abelian
projection (Polyakov line, Field strength, max
abelian) identify monopoles which condense in
the confined phase, and do not in the deconfined
2one.
This agrees with the idea of t’Hooft that all
abelian projections are physically equivalent[11].
From the theoretical point of view all this in-
dicates that QCD vacuum is more than a U(1)
dual superconductor: some different, non abelian
yet unknown mechanism is at work, which shows
up as U(1) dual superconductivity in different
abelian projections.
2. A few details about the disorder param-
eter.
We define an operator µ(~x, t) which has mag-
netic charge Q 6= 0. We then measure its correla-
tion function with the charge conjugate operator
µ¯; e.g.
D(t) = 〈µ¯(~0, t), µ(~0, 0)〉 ≃
t→∞
A exp(−Mt) + 〈µ〉2 (1)
M is the lowest mass in the sector with magnetic
charge Q: 〈µ〉 6= 0 signals spontaneous breaking
of magnetic U(1) and hence dual superconductiv-
ity. We also measure the penetration depth of the
electric field in the vacuum E‖ = E(0) exp(−mx).
If M ≥ √2m the superconductor is type II[12].
D(t) is the ratio of two partition functions[9]
D = Z[S +∆S]
Z[S]
(2)
∆S is the modification of the plaquettes Π0i in
the action at time 0, when the monopole is cre-
ated and at time t, when it is destroyed. For U(1)
the modification consists in the substitution
Π0i = eiθ
0i(x) ⇒ ei(θ0i(x)−bi(~x)) x0 = 0 (3)
Π0i = eiθ
0i(x) ⇒ ei(θ0i(x)+bi(~x)) x0 = t (4)
1
e
~b(~x) being the vector potential produced by a
Dirac monopole sitting at the origin
~b(~x) =
1
2
~n ∧ ~x
|~x |(|~x| − ~n · ~x) (5)
In computing Z[S +∆S] the shift (3) can be re-
absorbed in a shift of the angle θi(~x, 1), at t = 1,
which leaves the measure of the integral invariant.
This produces at time 1 the following change
θij(~x, 1)→ θij(~x, 1) + ∆ibj −∆jbi (6)
meaning that a monopole has been created. At
the same time θ0i(~x, 1) → θ0i(~x, 1) − bi(~x) and
again a change of variables θi(~x, 2) → θi(~x, 2) −
bi(~x) exposes a monopole at t = 2, and a shift in
θ0i(~x, 3) and so on, till x
0 = t is reached and −bi
cancels with +bi in eq.(4).
In fact a more convenient quantity than D is
ρ = d lnD/dβ: for β < βc, as V → ∞, ρ tends
to a finite value, so that µ = exp(
∫ β
0
ρ(x) dx) for
β < βc tends to a positive function[9]. For β > βc
ρ ∼ −C V 1/4 so that µ→ 0 in the infinite volume
limit. Around βc a finite size scaling analysis al-
lows a precise determination of βc, of the critical
index by which µ → 0 at βc, and of the critical
index of the correlation length.
A typical behaviour of ρ for U(1) is shown in
fig.1. The phase transition appears as a sharp
negative peak at βc.
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Fig.1 ρ vs β for U(1). The peak
is at the deconfining transition.
A similar construction can be made for SU(3)
and SU(2) gauge theories at finite T , (fig.2,3).
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Fig.2 ρ vs β for SU(3) at finite T . The peak
is at the deconfining transition.
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Fig.3 ρ vs β for SU(2) at finite T . The peak
is at the deconfining transition.
More generally the construction works for
phase transitions produced by condensation of
topological solitons in the vacuum: vortices in 3d
XY model[13], fig.4, O(3) solitons in 3d Heisen-
berg model[14].
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Fig.4 ρ vs β for X − Y model. The peak
is at the transition to superfluid.
In conclusion we have a reliable tool to investi-
gate U(1) dual superconductivity. We are using it
to explore abelian projected U(1) in non abelian
gauge theories, in different abelian projections.
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